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ABSTRACT 

The rough sphere model i s  investigated i n  some d e t a i l  from the  point  of 

view of the  formal k ine t i c  theory of polyatomic molecules developed by Wang Chang 

and Uhlenbeck and by Taxman. The purpose i s  t o  c l a r i f y  the  sources of some 

discrepancies between the  known r e s u l t s  f o r  the  t ranspor t  propert ies  of a rough 

sphere gas and the  r e s u l t s  recent ly  obtained by Mason and Monchick i n  an approximate 

treatment of t he  formal k ine t i c  theory, i n  which the’cor rec t ions  for  i n e l a s t i c  

c o l l i s i o n s  are given i n  terms of re laxat ion t i m e s .  It i s  found t h a t  the deviations 

of the  t ranspor t  coe f f i c i en t s  of rough spheres from those of smooth spheres can be 

understood i n  f i r s t  approximation as t h e  r e s u l t  of two e f fec t s :  an enhancement of 

the  backward and sideward sca t t e r ing  of rough spheres over t h a t  fo r  smooth spheres, 

and an apparent resonant exchange of in te rna l  energy when two rough spheres co l l ide .  

Sincs these efffeets are, fcr t he  mest part, p e c d i i r  to r w g h  spheres, it i s  

concluded chat the  deviations found between t h e  rough sphere 

approximate theory are not  t o  be expected fo r  real molecules. 

model and the 



I. INTRODUCTION 

A formal k ine t i c  theory of gases which takes i n t o  account i n e l a s t i c  

c o l l i s i o n s  has been developed by Wang Chang and Uhlenbeckl f o r  the semiclassical  

case and by Taxman:! fo r  the  c l a s s i c a l  case as an extension of the Chapman-Enskog 

k i n e t i c  theory. 3 9 4  I n  i t s  o r ig ina l  form the  Chapman-Enskog theory is  s t r i c t l y  

appl icable  only t o  the  noble gases. The new formal theory should therefore  be 

much more appl icable  t o  most gases, but t he  expressions fo r  the  t ranspor t  coe f f i c i en t s  

derived from t h i s  formal theory a r e  complicated and the  in t eg ra l s  involved appear 

almost hopelessly d i f f i c u l t ,  s ince  they requi re  a so lu t ion  of the dynamical problem 

of i n e l a s t i c  molecular co l l i s ions .  Recently a t r a c t a b l e  approximation t o  the formal 

theory has been proposed by Mason and M ~ n c h i c k , ~  who argued t h a t  c e r t a i n  terms i n  the  

expressions a r e  small and can be neglected, and who then w e r e  ab le  t o  avoid an 

* 

exp:icit e-qspcstiGr, of tfie rmiEirlg i-crrr -n  LIILSeLC.l~ by expressing the=: i n  term cf m 

experimental quantity,  the  re laxa t ion  t i m e  o r  bulk viscosi ty .  That is, the  d i f f i c u l t  

i n t eg ra l s  were evaluated by appeal t o  experiment r a the r  than t o  a computer, a t  l e a s t  

t o  a f i r s t -o rde r  correct ion fo r  the  i n e l a s t i c  c o l l i s i o n s  (relaxat ion t i m e s ) .  

There a r e  two customary ways of checking such an approximate theory: by 
comparision with experiment, and by comparision with some spec ia l  model fo r  which 

accurate  theo re t i ca l  ca lcu la t ions  can be ca r r i ed  out. As f a r  as comparision with 

experiment was possible,  the approximate theory checked s a t i s f a c t o r i l y ,  although 

the  comparision w a s  l imited by a scarc i ty  of da ta  on r o t a t i o n a l  re laxa t ion  t i m e s .  

For comparision with a solvable theore t ica l  model, the  rough sphere gas w a s  used. 

Here the  approximate theory w a s  p a r t l y  i n  good agreement with the  rough sphere model, 

but  gave a notable discrepancy i n  tha t  p a r t  of the coe f f i c i en t  of thermal conductivity 

due t o  the  molecular i n t e rna l  degrees of freedom. 

hea t  conductivity w a s  given exact ly  and the  shear v i scos i ty  f a i r l y  accurately.  

have s ince  found another la rge  discrepancy i n  the  se l f -d i f fus ion  coef f ic ien t .  

discrepancies might be due e i t h e r  t o  some fundamental f a u l t  i n  t he  approximate 

theory, o r  t o  the  physical ly  un rea l i s t i c  na ture  of the  rough sphere model, which has 

some fea tures  not  found i n  real molecules. The la t ter  cause i s  suggested by the  

agreement of the  approximate theory with t h e  experimental thermal conduct iv i t ies  of 

polyatomic and Polar gases. but  the point seemed worthy of fur ther  invest igat ion.  

To f i r s t  order the t r ans l a t iona l  

We 

These 
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It is  the purpose of t h i s  paper t o  inves t iga te  the rough sphere model i n  

more d e t a i l  from the point of v i e w  of the formal k ine t i c  theory, and of i t s  more 

approximate version proposed by Mason and Monchick, with the aim of c la r i fy ing  the  

sources of the above mentioned discrepancies. 

model have been known f o r  some t i m e :  

the  d i f fus ion  coe f f i c i en t  by Chapman and Cowling: and the  re laxa t ion  t i m e  (or bulk 

v iscos i ty)  by Kohler' and by Wang Chang and Uh1enbeck.I W e  have nothing new t o  add 

t o  these r e su l t s ;  we o f fe r  only some physical i n t e rp re t a t ions  and analogies which we 

bel ieve useful,  and which we bel ieve point t o  the spec ia l  pecu la r i t i e s  of the  

model a s  the source of the  discrepancies, r a the r  than t o  a fundamental defect  of 

the approximate theory. 

A few remarks on the  rough pphere model may be made here. 

The exact  r e s u l t s  fo r  the rough sphere 

the shear v i scos i ty  and the  two thermal 
conductivity coef f ic ien ts  ( t rans la t iona l  and in te rna l )  w e r e  calculated by Pidduck, 6Y7 

By "rough" i t  

is maat that -&en t w ~  spheres co l l ide  t h e i r  sl-lrface grip without slipping and the 

relative ve loc i ty  of the points  of contact reverses. 6y7 

rough sphere r e s u l t s  from the smooth sphere r e s u l t s  a r e  usual ly  given i n  terms of 

a dimensionless parameter, K, defided as 

The deviat ions of the  

K = 4 I / &  

where I is  the  moment of i n e r t i a  of the sphere, m i t s  mass, and CJ i t s  diameter. 

K ranges from 0 t o  2/3. 
approximate theory gives only f i r s t -o rde r  corrections.  To t h i s  order,  the  exact 

expressions fo r  the v i scos i ty  7, the se l f -d i f fus ion  coef f ic ien t  I) the two thermal 

conduction coef f ic ien ts  1 and 1 and the re laxa t ion  t i m e  T are 

We w i l l  usually work only t o  f i rs t  order i n  K, since the 

11, 

t r  i n t  ' 

13 - - -  l5 11 (k/m) (1  - 12 K 4 - 0 0 ) ,  

'tr 4 
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where p = nm i s  the  gas density and p = nkT i s  the gas pressure. The approximate 

theory makes no evaluat ion of 7,  but expresses i ts  correct ions i n  terms of 

then u s e s  Eq. (le) t o  express these in  terms of K. The approximate theory then 

gives no correct ion t o  

but represents  a r a the r  large e r r o r  i n  ql. 
correc t  value f o r  it,, but f o r  

(T;)K, an e r r o r  of over a fac tor  of two. 

The rough sphere model has a physical ly  u n r e a l i s t i c  f ea tu re  t h a t  has been 
7 

pointed out by Chapman and Cowling. Glancing o r  grazing co l l i s ions  f o r  t h i s  model 

do not,  i n  general, produce a small def lec t ion  i n  the t r a j e c t o r i e s  of the co l l id ing  

pa i r ,  as i n  most other  models, but can produce large def lec t ions  i f  the  ro t a t iona l  

v e l o c i t i e s  of the  spheres a re  suitable,  Averaged over many co l l i s ions  with many 

i n i t i a l  angular ve loc i t i e s ,  t h i s  e f f ec t  gives rise t o  an excess of backward 

sczttering which ~ p p e a r s  to be primarily responsible f o r  the discrepancy i n  4,. 
Similarly,  the roughness of the sphere gives rise t o  an excess of sideward sca t t e r ing  

on the average (Le., s ca t t e r ing  around 90" i n  the center-of-mass system). This does 

not  a f f e c t  ql, but both the backward and sideward sca t t e r ing  a f f e c t  q. 
i n  opposite d i rec t ions ,  however, and so the  ne t  e f f e c t  i n  q is small. 

words, rough spheres are b e t t e r  scatterers than smooth spheres, s ince they s c a t t e r  

more a t  90" and 180" than do smooth spheres. On the  other  hand, r e a l  molecules are 

usual ly  poorer s c a t t e r e r s  than smooth spheres, s ince they s c a t t e r  more i n  the  

forward direct ion,  

and 

and q1 t o  f i r s t  order i n  K. This i s  not so ser ious  f o r  q, 

The approximate theory y ie lds  the 
13 it y ie lds  a cor rec t ion  tern of (-)K instead of int  12 9 

They do so 

In o ther  

Related t o  the more e f f i c i e n t  s ca t t e r ing  of rough spheres is  another e f f e c t  

which does not seem t o  have been noticed before: 

a c e r t a i n  f r ac t ion  of co l l i s ions  appear t o  occur a s  i f  a resonant exchange of i n t e r n a l  

energy took place. That is, it i s  as i f  two molecules sometimes co l l i de  with no 

change i n  the magnitude of the relative ve loc i ty  of t rans la t ion ,  but with an exchange 

of purely ro t a t iona l  energy. 

molecules which have long-range dipole forces. It is  possible  t h a t  they occur f o r  

nonpolar molecules too, but the  e f f ec t  i s  probably negligible.  

averaged over many ro t a t iona l  states, 

Resonant exchange e f f e c t s  have been observed f o r  polar  

We wish t o  emphasize t h a t  the above in te rpre ta t ions ,  which a r e  set f o r t h  

i n  more d e t a i l  i n  the following section, a r e  analogies t h a t  a r e  va l id  only i n  an 

average sense, when a l l  co l l i s ions  a r e  considered. They a r e  ce r t a in ly  not t rue  f o r  

individual  col l is ions.  



11. FORMULAS AND CALCULATIONS 

In t h i s  sec t ion  we evaluate the  t ransport  coe f f i c i en t s  f o r  the  rough sphere 

gas from the general  formal k i n e t i c  theory of Wang Chang and Uhlenbeck and of Taxman. 

In t h i s  way we can invest igate  individual terms, neglected o r  approximated by Mason 

and Monchick, t o  gain some ins ight  i n to  t h e i r  physical  foundations. 

W e  f i r s t  write the general formulas i n  Wang and Uhlenbeck's semiclassi-  

cal  form, with the  understanding that  the  sumnations over i n t e rna l  energy s t a t e s  a r e  

t o  be replaced by integrat ions over angular ve loc i t ies .  The formulas are expressed 

i n  terms of a c o l l i s i o n  between two molecules i n i t i a l l y  i n  in t e rna l  energy s t a t e s  

i and j, which a r e  sca t te red  ( in  the center-of-mass system) through a polar  de f l ec t ion  

angle% and azimuthal angle a, and end up i n  in t e rna l  s t a t e s  k and a. 
cross  sec t ion  f o r  t h i s  process is I kk, which is  a funct ion of %, a: and the i n i t i a l  

The d i f f e r e n t i a l  

i j  
relztive speed 6. The relzxatim t h e  T i s  

where n i s  the 

molecule, and 

Qin t  

do = 

number density,  tint = (3/2)k i s  the  in t e rna l  heat capacity per 

(3) 

(4) 

i n  which ei i s  the in t e rna l  energy of t he  2 - t h  in t e rna l  s t a t e  divided by kT, 
9 The s e l f  d i f fus ion  coe f f i c i en t  D l l ,  is  

. k  = E  R - E i - E j o  
= mg2/(4kT), and Ae 

where y' r e fe r s  t o  the relative ve loc i ty  a f t e r  co l l i s ion .  

reference (5) d i f f e r s  by the replacement of y' by y. 

v i scos i ty  q i s  

The formula given i n  

The coef f ic ien t  of shear 
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The two coefficients of heat conduction are more complicated: 

‘tr[’ - y2/(XZ)] = 75k2T/(8mX) + 15kTcintY/(4mXZ), (7) 

The integrals X, Y, and Z are rather complicated, but X and Y can be 
5 written without approximation in terms of T and q, as follows: 

Tl?e integral Z i s  more difficult, and approximations must be made in order to express 

it in terms of measureable quantities? The exact expression is 

where 

far as heat conduction is concerned, the integral Z is theheart of the problem. 
5 By a series of arguments Z was previously given by. 

where Dint was essentially the diffusion coefficient for internal energy. 

rough spheres, the same arguments that led to Eq. (13) lead to Dint 

sphere); Le., to the expression given in Eq. (lb), but with the correction term 
in K absent. Specifically the terms in y’ and cos )( may be expanded in series in A€. 

We note that all terms multiplied by cos% (smooth sphere), the zero-th approximation 
to cosx, vanish when integrated over all angles. 

For 
q1 (smooth 

Therefore, the deviation, if any, 
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from the smooth sphere r e s u l t  must come from the dependence of the def lec t ion  a n g l e x  

on i n e l a s t i c  col l is ions.  

calculat ion.  

This i s  confirmed f o r  the rough sphere case by an exact 

The formulas above already make c l e a r  why the approximate theory gave 
tr 

co r rec t  t o  f i r s t  order i n  K, but not ?, 
int‘  

necessary involve Z, but s ince  t h i s  occurs i n  a term already f i r s t  order i n  K 

(because of the  prescence of Y), a zero-th order approximation f o r  Z su f f i ces  t o  

g ive  co r rec t  t o  f i r s t  order. However, fo r  1 the  f i r s t  term on the  r i g h t  of 

Eq. ( 8 )  must be evaluated cor rec t  t o  f i r s t  order i n  K, and so an approximation f o r  

2 accurate  t o  f i r s t  order is necessary. 

In Eq. (7) f o r  A,,, the  only approximations 

t r  i n t ’  

To proceed fu r the r  with the ana lys i s  i t  is necessary t o  consider the 

c o l l i s i o n  dynamics f o r  rough spheres. L e t  the  i n i t i a l  i n t e r n a l  s t a t e s  

the  two co l l id ing  molecules be represented by the angular v e l o c i t i e s  

respec t ive ly ,  and the f i n a l  s t a t e s  & and 8( by ry ’ and +’. That is, 

and 1 of 

and %, c c 

qr u 

with s imi la r  expressions f o r  E E and E Conservation of energy and momentum 

give f o r  the def lec t ion  angle X the expression 
j’ ky a: 

g*g’ = gg’cos)( 
..c* 

where g and g’ a r e  the r e l a t i v e  ve loc i t i e s  before and a f t e r  co l l i s ion ,  respect ively,  

k i s  the u n i t  vector  i n  the d i rec t ion  of the l i n e  connecting the centers  of the  

spheres a t  impact, and& 

vanishes, and g*k  = g cos (h - @, from which follows the well-known r e s u l t ,  g ’ =  g. 

The change i n  in t e rna l  energy on co l l i s ion  is  given by 

- -c 

w 

+&. For smooth spheres (K = 0) the  term i n  brackets 

A 9 . c  



which of course is  zero f o r  smooth spheres. A l l  o ther  r e l a t ions  needed can be 

obtained from Eqs. (15) and (16) by a lgebraic  manipulation. The in tegra t ions  over 

t r a j e c t o r i e s  and in t e rna l  s t a t e s  are bes t  car r ied  out using the coordinate system 

suggested by Kohler.8 L e t  the  angle  between g and k be y, t h a t  between w a n d L  

be 8 ,  and t h a t  between the planes determined by g and k and b y k a n d  (k x w) be cp. 
- Ac cm 

F c - c  

The angle between g and g' is a s  alwaysx. Then we f ind 
-hl # 

go& x = - gw s i n  Y s i n  8 cos 9. 
.LL 

The f i r s t  expression i n  (17) depends on the f a c t  t h a t  g, 3 , and 3 uniquely 
II) 

determine g' , 3 ', and 2 ', s o  tha t  the expression i s  va l id  provided the in tegra t ions  

over t r a j e c t o r i e s  (Le., over % and cp o r  over Y and cp) a r e  car r ied  out a t  f ixed 

values of &, 3 and 3. 
replaced by an in tegra t ion  over d& and d 3. 

Because of t h i s  the  summation over i n t e rna l  states can be 

I f  we l e t  3 +3 = w and 
rv' 

= 2 3  then d a  d a  - - d z  dv, and 
3 - 3  w 

= U? dw s i n  8 de dcp, d% 

dv = 9 dv s i n  8' de'  drp', 

where 8' and 9' are defined analogously t o  0 and cp. 

and (4) become 

The in tegra t ions  i n  Eqs. (3) 
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The integrations in Eqs.  (21, (51, (61, and (11) can now be carried out in 

straightforward fashion. 
k t  US first consider the integration in 

This involves the integral 

-3 c J(y2 - yyt cos>(, an c (v” - Qint ijka 

Eq. (5) , which determines 

w t  cos X), (21) 

which, on substitution from Eq. (15) for w’ cos >(, yields 

= (1 + K ) - l  (1 + 2K) (p) (22) 

the + _ e m  in (.,-k x W) from (15) going to zero beceuse of the integration mer cp end 

8 

term (yk)2 in Eq. (22) is the smooth sphere term, and in fact gives the same 
value for both smooth and rough spheres on carrying out the integrations. For 
rough spheres, however, it is reduced by the factor (1 + K ) - l  appearing in (22). 

The term K-f represents just the extra backward scattering due to the roughness of 
the spheres, since the extra sideward scattering contributes nothing to cosx. 
It may be verified from this that to first order in K, y t  may be replaced by y, 
as was suggested by the approximate model of Mason and Monchick. This suggests an 
analogous model in which all collisions are elastic, but a fraction f 
excess backward scattered component over smooth-sphere scattering and a fraction 

- fTr) represents 

’2.- r*c 

which is equilavent to a sum over all directions of the vectorssands The 

,I+-- 

have an 
Tr 

have an excess sideward component. The fraction (1 - f 
fTr/2 ll/2 
specular scattering (smooth-sphere collisions). We can then easily compute the 

correction for as follows: 

where the subscripts refers to specular or smooth-sphere scattering, and the 
subscripts ~r and n/2 refer to backward and sideward scattering, respectively. 

well known that (COS)(), = 0, and if we set (cos >o Tr/2 = 0 and (cos)oTr = -1, 

It is 
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then E q .  (23) becomes 

the first term i n  brackets representing the  specular and sideward sca t t e r ing  

contributions,  and the second term representing the  backward scat ter ing.  

sideward sca t t e r ing  ac tua l ly  contr ibutes  nothing and could have been l e f t  out of 

the  discussions.) 

we f ind  t h a t  both terms give the r e s u l t  f 

y i e ld  the same value of f indicates  t h a t  t h i s  simple model i s  self-consis tent .  

This r e s u l t  is va l id  t o  a l l  orders of K, not j u s t  f i r s t  order,  t o  avoid the 

d i f f i c u l t y  of "fract ions"  becoming g rea t e r  than uni ty  f o r  large K. 

A s i m i l a r  r e s u l t  holds for  the  v iscos i ty ,  which involves the in t eg ra l  

(The 

Comparing these terms with the corresponding terms of E q .  (22) 

= K(l + K ) - l .  The f a c t  t h a t  both terms 
ll 

ll 

(y4 s in2  )( + 1/3 - 1 / 2  (&)2 sin2 X). (25) 

To f i r s t  order i n  K, the  two terms involving cancel when the in tegra t ions  

a r e  car r ied  out. It is  easy t o  see why t h i s  happens i n  terms of our s implif ied 

model of specular s ca t t e r ing  plus excess backward and sideward sca t te r ing .  The 

terms i n  (Atz)2 must always be f i r s t  order i n  K; so t h a t  t o  evaluate (&a sina %) 
t o  f irst  order i n  K, we may wri te  it (&)2) (sin2 )() and use a zero-th order 

approximation f o r  (sina )o, namely the specular  r e s u l t ,  (sin%) = 2/3. Thus the  

two terms involving (&)2 cancel t o  these approximations. 
S 

Introducing the  s implif ied model again, with f and f denoting the 
n/2 n 

f r a c t i o n  of excess sideward and backward sca t te r ing ,  the in t eg ra l  (25) becomes 

(y4 sina x) = (1 - 

+ f  
ll 

Since(sina x), = (2/3) (sina X)ll/2 = 1, and (sin3 X) s c a t  terin ll 
backward/tfecreases the cross  sect ion (increases the  v iscos i ty)  and the  excess 

sideward sca t t e r ing  increases the cross  sec t ion  (decreases the viscosi ty) .  The 

l a t t e r  e f f e c t  dominates, but  the  net  e f f e c t  i s  small s ince the exact correct ion 

= 0, we see t h a t  the excess 
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13 1 
6 6 6,7 (1 +-  K) (1 + K)-2 = 1 + -  K +--e. f a c t o r  t o  the cross sec t ion  is known t o  be 

Comparing t h i s  with Eq. (26) and using our previous r e s u l t ,  f 

f ind t h a t  f 

"fractions" grea te r  than unity. 

i n  K, unlike t h a t  fo r  D l l ,  because we have suppressed the term i n  (AE)~.) 

= K ( l  + K)-', we n 7 
l l /2 3 

= -  K(l + K ) - 2 ,  where we have kept higher orders of K only t o  avoid 

(The analogy f o r  7 i s  not exact t o  higher orders 

Lest our analogy s e e m  too a rb i t r a ry ,  i t  should be remembered 

t h a t  the sca t t e r ing  cross  sec t ion  may always be analyzed i n t o  a smooth sphere 

sca t t e r ing  term plus a deviation. 

which have maxima a t  given angles%. 

of c o s x  are avai lable ,  we  may only analyze the  deviation i n t o  two components. 

This i s  allowable i n  the rough sphere case s ince,  as  we have seen, the deviat ions 

from the approximate formulas of Mason and Monchick come, t o  f i r s t  order i n  K, 

not from terms involving powers of yt and AE, but l the  deviat ion of t he  de f l ec t ion  

a n g l e x  from the smooth sphere value. 

f i r s t -o rde r  model s ince  we  have supposed a l l  co l l i s ions  e l a s t i c ,  e.g., y' = y. 

.. 
The deviat ion may be analyzed i n t o  components 

Since we  have supposed t h a t  only two moments 

5 
from 

The analogy proposed here is alsr? m l y  a 

Final ly ,  we consider the in t eg ra l  Z, which determines hint. In  the  

expression for 2 given i n  Eq, (ll), the  term i n  A€ can be converted t o  a term i n  
5 and hence t o  T by permuting variables.  Hence no approximation is  involved 

i n  evaluat ing t h i s  term. The cruc ia l  p a r t  of Z i s  thus the in t eg ra l  

The p a r t  t ha t  i s  troublesome i n  (27) is the f ac to r  (ek - f a )  9 since t h i s  r e fe r s  

t o  in t e rna l  s t a t e s  a f t e r  co l l i s ion .  Converting t o  the rough sphere system, we 

f ind  t h a t  

where 
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On in tegra t ing  over a l l  d i rect ions of u) and $we f ind  t h a t  the term i n  

cancels the  term i n  VU, cos 8 cos e’, leaving f i n a l l y  
x g * # c 

The remaining in tegra t ions  can be car r ied  out t o  y i e ld  the r e s u l t  of Pidduck, 

which need not be reproduced here. 

formula, 

W e  may now compare with the approximate 
5 

The bracket expression i n  equation (31) i s  j u s t  proportional t o  the cross sec t ion  

f o r  self-diffusion.  It may be ver i f ied that equation (30) can be s imi l a r ly  reduced 

t o  

This is va l id  t o  a l l  orders of K, and i s  s t rongly reminiscent of the expression 

derived by Mason and Monchick for the case when resonant co l l i s ions  may occur. 

For t h i s  case two molecules exchange t h e i r  i n t e rna l  energies without loss ,  so 

t h a t  ek = E and E = E instead of E = Ei  and E = E as  f o r  an e las t ic  

co l l i s ion .  

and i s  not r e s t r i c t e d  t o  the rough sphere case, can be wr i t ten  a s  I 

5 

j a i’ k R j 
I f  the  probabi l i ty  of exchange is Pex, then (27), which is  general  

Equation (32) may be wr i t t en  i n  th i s  form i f  we replace P 

value of P coming e n t i r e l y  from the  w a y  term of Eq. (29). However, the  analogy 

i s  not complete. 

the f r a c t i o n  of energy exchanged. 

w, V, and Y the  quant i ty  E - E 
(K - 1)  (1 + K)’l -- i n  other  words, t h a t  the i n t e r n a l  energies of the two col l id ing  

molecules tend t o  equalize. 

by (1 + K)‘l, the ex 
ex w r r  

Pex f o r  rough spheres i s  not the probabi l i ty  of exchange, but 

Equation (32) states t h a t  fo r  given values of 

i n  the  mean i s  mult ipl ied by a f ac to r  of 
i j  

For f i n i t e  values of Pex, i n  the  case of polar  
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molecules, the region where% 

reduce the  e f f e c t i v e  d i f fus ion  coef f ic ien t  for  the d i f fus ion  

However, i n  the case of rough spheres, the sca t t e r ing  has a s i zab le  backward 

sca t t e r ing  component. The ne t  e f f e c t  is t o  increase the i n t e r n a l  d i f fus ion  

coef f ic ien t .  

exception of hydrogen a t  high temperatures. However, the anomalous hydrogen 

r e s u l t  may be due t o  some concealed experimental error.  

0 is  heavily weighted and the  ne t  e f f e c t  is  t o  

i n t e r n a l  energy. 

This l a t t e r  e f f e c t  is  not  born out by experiment with the  possible  
5 



-111. DISCUSSION 

I n  summary we have shown tha t  the  pecul ia r  t ranspor t  p roper t ies  of a rough 

sphere gas can be understood i n  f i r s t  approximation as the  r e s u l t  of two e f f ec t s :  

(1) an enhancement of the  backward and sideward s c a t t e r i n g  over t h a t  f o r  smooth 

spheres; and (2) an apparent resonant exchange of i n t e r n a l  energy on c o l l i s i o n  of 

two rough spheres, with a probabi l i ty  between 0.6 and 1.0. It is t o  be emphasized 

again 

Since molecules i n t e r a c t  with poten t ia l s  t h a t  t a i l  of f  more slowly than the  hard 

sphere po ten t i a l ,  (1) is  probably a property only of rough spheres with the  possible  

exception of H2. (2) may be a more widespread property (as is the case, for  instance,  

f o r  polar  molecules 

of a backward sca t t e red  component the  net  e f f e c t  i s  general ly  t o  decrease the  thermal 

conductivity r a the r  than t o  increase it. 

pecul ia r  t o  rough spheres arid arc mt expected t o  operate  for  most r e a l  molecules, 

we be l ieve  t h a t  the  present  r e s u l t s  support the  view t h a t  the  discrepancies between 

the  exact  rough sphere r e s u l t s  and the  approximate theory of Mason and Monchick are 

due t o  the  special proper t ies  of the  rough sphere model. 

t h a t  these  e f f e c t s  are r e a l l y  only analogies t h a t  are t r u e  i n  an average sense, 

5 but  s ince  the  sca t t e r ing  for  real molecules probably has l e s s  

Since the  e f f e c t s  are, for  the  most p a r t ,  

As an inc iden ta l  r e s u l t ,  w e  have v e r i f i e d  t h a t  the  formal k i n e t i c  theory of 

Wang Chang and Uhlenbeck and bf Taxman does y i e ld  the  known r e s u l t s  for  rough spheres, 

which were derived by a more special ized method. 

surpr i s ing ,  i t  a t  least ind ica tes  t h a t  no ser ious  e r ro r s  e x i s t  i n  the  formal k ine t i c  

theory expressions. 

While t h i s  r e s u l t  is  hardly 
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